We empirically analyze the price and liquidity responses to trade signs, traded volumes and signed traded volumes. Utilizing the singular value decomposition, we explore the interconnections of price responses and of liquidity responses across the whole market. The statistical characteristics of their singular vectors are well described by the t location-scale distribution. Furthermore, we discuss the relation between prices and liquidity with respect to their overlapping factors. The factors of price and liquidity changes are non-random when these factors are related to the traded volumes. This means that the traded volumes play a critical role in the price change induced by the liquidity change. In contrast, the two kinds of factors are weakly overlapping when they are related to the trade signs and signed traded volumes. Hence, an imbalance of liquidity is related to the price change.
Introduction
The market impact or price impact refers to the price change induced by a single trade [1] . In the last two decades, it attracted ever more attention in the academic literature, as it reflects fundamental mechanisms in the market. Also from a practitioners' viewpoint, the additional transaction costs due to such price changes prompt interest in a careful data analysis. Many earlier studies on market impacts focus on single stocks [2] [3] [4] [5] [6] [7] [8] [9] [10] . The price is determined by a continuous double auction of market orders and limit orders [11] . Market orders are immediately executed at the available trade price, while limit orders are placed in the order book until they match another order or until they are expired or cancelled. A market order consumes the volume provided by the limit orders at the best quote, i.e., the best bid or the best ask. If this volume does not suffice, the market order "goes deeper into the order book", i.e., the volume of the second or even third, fourth, etc. best quote in consumed. Hence, the best quote/price is altered, because new incoming limit orders cannot immediately supply the volumes at the previously best quote. Thus, the price change is generated due to a lack of short-run liquidity, often measured by the bid-ask spread [12] . The transaction cost raised in this way, i.e., by the self-impact, is referred to as liquidity cost [12] , reflecting the close connection between market impact and liquidity.
A wealth of data made an empirical analysis of the market impact possible, and led to a microscopic understanding of the self-impact [2, 3, 11, 13] . In particular, the statistical results reveal that a long-memory correlation is present in the order flow [3, 4] . This correlation is not likely to be due to herding behavior, rather it results from order splitting which is a strategy to minimize the above discussed additional transaction costs [3, 14] . Regarding the self-impact, many such strategies have been proposed [5] [6] [7] [8] [9] [10] .
The study of cross-impacts, i.e., the response of stock prices to a market order in a different stock, emerged as an obvious challenge [15] [16] [17] . Large scale data analyses [18] [19] [20] revealed non-Markovian features in these cross-impacts and in the corresponding trade sign cross-correlators. Consequently, the Efficient Market Hypothesis cannot hold in a strict form [18] . Efficiency is violated on shorter time scales and only present on longer ones. There are various implications, for instance, asymmetry of information in the market [21, 22] , latent arbitrage opportunities [23] , or possible compensation by the cost arising from the bid-ask spread [21] . To understand the mechanism of the crossimpacts, model-based interpretations [20, [24] [25] [26] are put forward, where the liquidity once more comes into play. As limit orders provide liquidity for the market, whereas market orders take liquidity from the market, the measured liquidity results from a complex dynamical interplay. What are its characteristics? What is the role of the liquidity in the price change across the whole market? To address these issues, we apply the response function to prices and liquidity. Further, we extend the responses not only to trade signs but also to traded volumes and to the signed traded volumes. Here, we focus on the primary price and liquidity changes, which measure the price and liquidity impact without time lags, respectively. To explore the latent factors of responses, we employ the singular value decomposition [20, [27] [28] [29] . Furthermore, we discuss the relation between prices and liquidity in view of the overlapping factors.
The paper is organized as follows. In section 2, we introduce the data used in this study and the details of data processing. In section 3, employing the singular value decomposition, we dissect the price and the liquidity responses to trade signs, traded volumes and signed traded volumes, respectively, and investigate the statistical properties of singular vectors. In section 4, we analyze the relation between prices and liquidity in terms of their overlapping factors. We conclude our results in section 5.
Data description
In section 2.1, we describe the data used in this study. In section 2.2, by data processing, we classify the trades into the cases of multiple trades and single trades.
Data set
The empirical analysis is carried out with the TotalView-ITCH data set, featuring 96 stocks, listed in appendix A, from the NASDAQ stock market in the NASDAQ 100 Figure 1 . Sketch of data processing for the cases of multiple and single trades. The event time of stocks i and j are t i and t j , respectively, and ∆m i is the price change between the previous and followed quotes of stock i for each trade of stock j. The figure is taken from reference [22] .
index. The TotalView-ITCH data set gives detailed information about the order flow with a resolution of one millisecond. By reconstructing the order book with the order flow data, we obtain the best quote and trade information, including the best bid, the best ask, trade time, trade types (buying or selling) and so on. The details for the reconstruction of the order book are given in reference [22] . The amount of data available for each trading day renders it possible to consider five trading days from March 7th to March 11th of 2016 for the intraday trading time from 9:40 to 15:50 in east standard time (EST) for each stock.
Data processing
For each trade of a given stock, we identify the previous and following quotes of the other stock. In this way, an immediate change of quotes triggered by a trade from a different stock can be seen. The trades yield an event (trade) time axis for our study. We find that 35% of the trades, on average, share their previous and following quotes with other trades, the left 65% of the trades do not share their quotes with others. We refer to the former and the latter as to the cases of multiple and single trades, respectively, as sketched in figure 1 . The case of multiple trades suggests that more than one trade is needed to trigger updating the quote of the other stock.
Decomposition of responses
In section 3.1, we define a generalized response function and then carry out a singular value decomposition to dissect its interconnections. We apply these methods to the price and liquidity responses in sections 3.2 and 3.3, respectively.
Generalized response functions
The average price change caused by a trade can be described by a response function [18, 19] relating the differences of the logarithmic midpoint prices and the trade signs. The information encoded in trades not only contains trade signs for buy or sell directions, but also the traded volumes. Furthermore, the liquidity may also be changed by trades. For exploring how the price change or liquidity change is induced by trade signs, traded volumes or signed traded volumes, we generalize the response function according to
where the indices i, j run over all N stocks, i, j = 1, · · · , N . The tilde above a quantity indicates the quantity normalized bỹ
where z and σ(z) are the mean value and the standard deviation of the corresponding time series. The normalization puts all quantities on equal footing. In equation (1), y j (t j ) stands for trade signsε j , traded volumesṽ j , and signed traded volumesν j =ε jṽj , respectively, for stock j. The trade sign on an event time scale is defined either as +1 for a buy trade or as −1 for a sell trade. It can be empirically obtained from the TotalView-ITCH data set. Moreover,x i (t j ) in equation (1) stands for the midpoint pricem i (t j ) and the bid-ask spreads i (t j ), respectively. Forx i (t j ) =m i (t j ), equation (1) measures the price response R m,ij , and forx i (t j ) =s i (t j ), equation (1) measures the liquidity response R s,ij . The superscript (p) and (f ) indicate thatx i (t j ) of stock i is measured prior to or following, respectively, the trade of stock j at event time t j . The response function (1) quantifies the primary price or liquidity impact of a trade, without accounting for subsequent trades.
To explore the sources that cause the price or liquidity change in a statistical approach, we resort to a singular value decomposition of the response matrix R x for a given x. In our case, this matrix is a non-symmetric N × N square matrix with N = 96, and its decomposition reads
is the diagonal matrix of the (real) singular values. The N × N matrices U x and V x are orthogonal, their columns U xi and V xi , i = 1, · · · , N , are the left and right singular vectors, respectively, to the index i. We have
The singular values may be identified with the latent factors that link the price or liquidity change of stock i with the trading information of all other stocks j. The entries of the vectors U xi and V xi which lie between −1 and +1 are the weights of the latent factors. According to equation (1), the price or liquidity change is averaged over all trades, over the trades in the case of single trades only, over the trades in the case of multiple trades only. The different averages result in the responses to all trades R x,ij | at , to single trades R x,ij | st , to multiple trades R x,ij | mt . Moreover, we introduce a weight factor w ij to define a linearly interpolating weighted responses
where w ij is the ratio of trades identified as single trades to all trades for a stock pair (i, j).
Decomposing price responses
Instead of looking at the single values, It is advantageous to analyze the singular vectors. One of reasons is the better statistics when the number of stocks is small. More importantly, the singular vectors disclose the correlations between price changes (trades) and the latent factors. A large correlation in the left singular vectors indicates a pronounced dependence of price change due to the corresponding factor. A large correlation in the right singular vectors implies that the factor is robustly associated with the trade. To have a overall view of these correlations in the market, we work out the statistical distribution of the entries of the singular vectors. Figure 2 shows the empirical probability densities of the left and right singular vectors, i.e., U m,in and V m,jn with the factors n = 1, · · · , N , for the four types of price responses across the whole market. For comparison, normal distributions are fitted to the empirical distributions. We find that the price change is not occasional and must be induced by some factors. No matter the price responds to trade signs, traded volumes or signed traded volumes, the case of multiple trades is close to random in the correlation between trades and the latent factors. On the contrary, the other cases with the similar distributions are more informative. Figure 3 presents the probability density distributions of the entries U s,in or V s,jn of the singular vectors for liquidity responses across the whole market. The normal distributions are fitted for comparison. The mismatching between the empirical and the fitted distributions are visible at the heavy tails of the distributions. Thus, the connection between liquidity change and the latent factors cannot be coincidental, when the liquidity responds to trade signs, traded volumes or signed traded volumes. It is worth to keep in mind that the factors for liquidity may differ from the ones for prices. In the middle row of figure 3, all cases except for the one of multiple trades present remarkable information in singular vectors, implying that the liquidity is highly sensitive to traded volumes.
Decomposing liquidity responses

A unified description
The heavy tails are remarkable in the distributions of singular-vector entries. We introduce the t location-scale distribution to quantify the potential information. The probability density function of the t location-scale distribution, i.e., of the nonstandardized Student's t-distribution [30] , is given by
Here, Γ(·) is the gamma function, µ is the location parameter, σ is the scale parameter, and β is the shape parameter. When the shape parameter β becomes very large, the distribution approaches the normal distribution. The smaller β, the heavier are the tails. Hence, by altering β, the t location-scale distribution can either be a surrogate of the normal distribution or model the heavy-tailed distribution. This makes it appropriate for our purpose. For the price and the liquidity responses, the empirical result is fitted perfectly, especially for the heavy tails in the distribution, as shown in figures 4 and 5.
The fitted values especially for β, listed in tables 1 and 2, corroborate nicely the findings stated in sections 3.2 and 3.3.
Relations between prices and liquidity
Compared with the case of multiple trades, the case of single trades contains useful information. To study the relations between prices and liquidity, we focus on the case of single trades, which do not share their previous and following quotes with other trades. In section 4.1, we define overlap matrices of factors. In section 4.2, we analyze the structural characteristics with respect to overlap matrices in different cases. In section 4.3, we dissect the overlap matrices by a singular value decomposition and discuss the relations between prices and liquidity. 
Overlap matrices
To find out the common factors between price and liquidity changes, we introduce overlap matrices of factors. The overlap matrix [20] is defined with the left singular vectors U x . We first normalize the entries U x,in , n = 1, . . . , N , according tõ
where the average and the standard deviation for each stock i are worked out over all N factors. This defines the normalized left singular vectors˜ U xi and thereby the normalized matrixŨ x , where x stands for price changes when x = m or liquidity changes when x = s. Hence, the N × N overlap matrix of factors reads 
respectively. In particular, the factors of price changes are clearly related to the trade signs and the signed traded volumes. Thus, the price is easily moved by trade directions, i.e., buying or selling. On the other hand, the liquidity is significantly affected by the factors related to the traded volumes rather than by others. These overlapping features in C mm and C ss are striking when comparing with the features in random overlap matrices, shown in figure 7 . The random overlap matrices result from the random response matrices in which the mean values and standard deviations are the same as the empirical response matrices. In figure 7 , the small overlaps are randomly distributed in each random overlap matrix, quite different from the empirical cases. The overlap matrix visualizes the overlapping of factors that individually change the price or the liquidity, but it fails to identify the overlapping of factors that jointly drive the price and the liquidity, because the largely positive and negative overlaps are mixed and look like the random patterns in the subplots (g)-(i) of figure 6 . Therefore, the singular value decomposition is applied once more to the overlap matrices.
Overlap structures
Decomposing overlap matrices
For a given x and y, the overlap matrix C xy is decomposed into left and right singular vectors which are the columns of orthogonal N × N matrices U xy and V xy , respectively. The corresponding singular values are ordered in the diagonal matrix S xy . Thus, the decomposition reads,
The entries U xy,an and V xy,bn with a, b, n = 1, . . . , N in the singular vector matrices measure the correlation between the n-th common factors and the a-th individual factors of x and the correlation between the n-th common factors and the b-th individual factors of y, respectively. In figure 8 , we show the probability densities of the left and right singular vectors of overlap matrices C mm , C ss and C ms , where both the normal distribution and the t location-scale distribution are fitted to the empirical distributions. Table 3 lists all fit parameters. For comparison, the same procedure is carried out for the random overlap matrices, shown in figure 9 .
In figure 8 , the subplots (a), (b), (c) and (e) show the heavy tails for C mm and C ss , coinciding with the larger overlaps in figure 6 . In particular, the irregular patterns for C ms in figure 6 are verified to be non-random. The information encoded in the overlap matrices are quantified by the t location-scale distribution. Among the trade signs, the traded volumes and the signed traded volumes, the factors related to the traded volumes are identified to significantly interconnect the price change with the liquidity change. Put differently, the traded volume plays an important role when the price is changed by the liquidity. This is plausible, as the trades from the stock itself are able to affect the short-run liquidity by eating up the volumes in the best quote, and move the price to another level immediately. In contrast, the factors related to the trade signs and the signed traded volumes generate much weak interconnections between price changes and liquidity changes. This reveals that the liquidity changes are almost cancelled out by the opposite trade directions. However, we still cannot ignore the factors that lead to the weak liquidity responses to the trade signs and the signed traded volumes, as the resulting liquidity imbalance contributes to the price change.
Conclusions
We explored the whole market response to trade signs, traded volumes and signed traded volumes, focusing on the primary price and liquidity responses. Utilizing the singular value decomposition, the response matrices were dissected into the left and right singular vectors and the corresponding singular values. We analyzed the statistics properties of the singular vectors, where the left singular vectors correlate the price or liquidity change with the latent factors, and the right singular vectors correlate these factors with the trading information. In our study, the trade information includes the trade signs, the traded volumes and the signed traded volumes. We found that the heavy-tailed distributions of singular vectors either for price responses or for liquidity responses are well described by t location-scale distributions. The price responds significantly to the trade signs and signed traded volumes, whereas the liquidity is very sensitive to the traded volumes. We also looked at the overlap matrices for the factors that individually change the price or the liquidity and for the factors that joint change the price and the liquidity. The overlap matrices reveal non-random structures. The overlaps are remarkable when the factors of price changes are related to the three kinds of trading information and when the factors of liquidity changes are related to the traded volumes. By carrying out a singular value decomposition for the overlap matrices, we found that the factors related to the traded volumes interconnect significantly the price change with the liquidity change. Hence, the unsigned traded volumes appear critical for the price change caused by the liquidity. On the other hand, the bid-ask spread can be enlarged either by a buy trade or by a sell trade, resulting in a reduction of liquidity. If the market is efficient, the 
